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Abstract: We construct the global solution to the Cauchy's problem of the bipolar Euler- 
Poisson equations with damping in M 3 when H 3 norm of the initial data is small. If further, 
p | the H~ s norm (0 < s < 3/2) or B^to norm (0 < s < 3/2) of the initial data is bounded, we 

give the optimal decay rates of the solution. As a byproduct, the decay results of the L p — L 2 
(1 < P < 2) type hold without the smallness of the L p norm of the initial data. In particular, 
we deduce that \\V k (p\ - P2)\\l 2 ~ (l + t)~i~^ and ||V fe ( / o i -p, u;, V(f>)\\ L 2 ~ (l+t)~i~z. We 
improve the decay results in Li and Yang [To] ( J. Differential Equations 252(2012), 768-791), 
where they showed the decay rates as \\V k (pi — p)\\l2 ~ (1 + i)~4~2 and ||V (iti, V0)||^2 ~ 
' (1 + t)~4~ 2 , when the H^nL 1 norm of the initial data is small. Our analysis is motivated by 

the technique developed recently in Guo and Wang [4 J ( Comm. Partial Differential Equations 
^ ! 37(2012), 2165-2208) with some modifications. 

Key Words: Bipolar Euler-Poisson system; Global existence; Decay estimates; Negative 
CN . Sobolev's space; Negative Besov's space. 
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1. Introduction 

We consider the compressible bipolar Euler-Poisson equations with damping (BEP) 
d t pi + div(pini) = 0, 

dt(piui) + div(pim <g> ui) + VP(pi) = piVcf) - p\U\, 
d t p2 + div(p 2 u 2 ) = 0, (1.1) 
dt{p2U2) + div(p 2 ^2 <8> n 2 ) + VP(p 2 ) = -p 2 V(f> ~ P2U 2 , 
Acf) = p x - p 2 , x E M 3 , t > 0, 

where the unknown functions pi(x,t),Ui(x,t) (i = 1, 2), <p(x, t) represent the charge densities, 
current densities, velocities and electrostatic potential, respectively, and the pressures P = 
P(pi) is a smooth function with P'(pi) > for pi > 0. The system (1.1) is usually described 
charged particle fluids, for example, electrons and holes in semiconductor devices, positively 
and negatively charged ions in a plasma. We refer to [TU] for the physical background of 
the system (1.1). 
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In this paper, we will study the global existence and large time behavior of the smooth 
solutions for the system (1.1) with the following initial data 

Pi(x,0) = Pio(x) > 0, Ui(x,0) = u i0 (x), i = 1,2. (1.2) 

A lot of important works have been done on system (1.1). For one-dimensional case, we 
refer to Zhou and Li [H] and Tsuge [21] for the unique existence of the stationary solutions, 
Natalini |18| and Hsiao and Zhang [8] for global entropy weak solutions in the framework 
of compensated compactness on the whole real line and bounded domain respectively, Na- 
talini |18j . Hsiao and Zhang [9] for the relaxation-time limit, Gasser and Marcati [3] for 
the combined limit, Huang and Li [7J for the large-time behavior and quasi-neutral limit 
of L°°-solution, Zhu and Hattori [32j for the stability of steady-state solutions to a recom- 
bined one-dimensional bipolar hydrodynamical model, Gasser, Hsiao and Li [2] for large-time 
behavior of smooth small solution. 

For the multi-dimensional case, Lattanzio [10J discussed the relaxation limit, and Li [14] 
considered the diffusive relaxation. Ali and Jiingel [1] and Li and Zhang |13j studied the 
global smooth solutions of the Cauchy problem in the Sobolev's space and Besov's space, 
respectively. Later, Ju [6] investigated the global existence of smooth solution to the IBVP 
for the 3D bipolar Euler-Poisson system (1.1). 

Recently, Using the classical energy method together with the analysis of the Green's 
function, Li and Yang [15] investigated the optimal decay rate of the Cauchy's problem of 
the system (1.1) of the classical solution when the initial data is small in the space H s n 
L . They deduced that the electric field (a nonlocal term in Hyperbolic-parabolic system) 
slows down the decay rate of the velocity of the BEP system, also see the recent works 
[TTl [i~2l l30l l25l [271 [28] on the decay of the solutions to the unipolar Navier-Stokes-Poisson 
equations (NSP) and unipolar Euler-Poisson equations with damping. In fact, by the detailed 
analysis of the Green's function, it shows that the presence of the electric field field slows 
down the decay rate in L 2 -norm of the velocity of the unipolar NSP system with the factor 
1/2 comparing with the Navier-Stokes system (NS) when the initial perturbation po — p, uq G 
LP n H 3 with p G [1,2]. 

However, Wang [26] gave a different comprehension of the effect of the electric field on 
the time decay rates of the solution of the unipolar NSP system. The key idea is making an 
instead assumption on the initial perturbation po — p£ H ,uq G L 2 . As a result, the electric 
field does not slow down but rather enhances the time decay rate of the density with the factor 
o. The method in [26] is initially established in Guo and Wang [4] for the estimates in the 
negative Sobolev's space. The proof in [3] is based on a family of energy estimates with 
minimum derivative counts and interpolations among them without linear decay analysis. 
Very recently, using this kind of energy estimates, Tan and Wang [22] discussed the Euler 
equations with damping in M 3 , where they also gave the estimates in the negative Besov's 
space. 

The main purpose of this paper is to improve the L 2 -norm decay estimates of the solutions 
in Li and Wang [15] by using this refined energy method together with the interpolation trick 
in [U [26l 122] . Comparing with [H [2"6j 122] . the main additional difficulties are due to the 
presence of electronic field and the couple of two carriers by the Poisson equation. First, as 
Wang |26] pointed out, for the bipolar NSP system, there is one term rijUjV</> can not be 
controlled by the dissipation terms when using this refined energy method, see the details 
in |26j . However, after an elaborate calculation, we can get each l-th (I = 0,1,2,3) level 
energy estimate for the BEP system (1.1), see (2.26)-(2.28) and (2.38)-(2.39) in Lemma 
2.10 and Lemma 2.11. Second, one can not obtain the dissipation term for ||/Oj||^2 in the 
energy estimates as the unipolar case in [26j since two species are strongly coupled by the 
Poisson equation for bipolar case. In fact, we only can get the estimate ||V fc (/>i — /02)||l 2 — 
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l|V fc+1 V(/>|| L 2 for the BEP system (1.1). As a result, one can not directly deal with the 
case s G (f , §) for the estimates in the negative Sobolev's space or negative Besov's space 
by using the decay result for the case s G [0, i] as in [26]. In fact, the proof for the case 
s G (5, § ) in Wang [26] strongly depends on the derived decay result of the case s = I: 

HpIIl 2 < IIW^IIl 2 ~ (1 + t)~~ = (1 + *)~ 3 - After a detailed analysis, and by separating 
the cases that s G [0, |], s € (|,1) and s G [1, |) for the space H~ s and s € [0, |], s G (|, 1), 
s G [1, |) and s = | for the space -B^oc we achieve these estimates (See Lemma 2.13, Lemma 
2.14 and Subsection 3.2). 

Our main results are stated in the following theorems: 

Theorem 1.1. Let P'(pi) > 0(i = 1, 2) for pi > 0, and p > 0. Assume that (pi—p, mo, V^o) G 
_£f 3 (M 3 ) for i = 1,2, with eo =: \\(pio — p, mo, V</>o) ||h 3 (K 3 ) small. Then there exists a unique, 
global, classical solution (pi, ui, p 2 ,« 2 , <j>) satisfying that for all t > 0, 



||(ni,«i,n2,«2,V0)||^a+ / ||(«i,«2)||fl3 + ||(Vn 1 ,Vn 2l V(V0))||| fa dT 



\h 3 - 



< C\\ (mo, ,«2o, ni ,n 2 o, V^ ) 11^3- (1.3) 



Remark 1.1. From the fact V0o G -ff 3 is equivalent to (mo — ri 2o) G -ff 2 PI i? 1 deriving 
from the poisson equation (1.1)5, we can replace the initial assumption V0o £ H 3 by mo G 

f 2 nr 1 . 

Theorem 1.2. Under the assumptions of Theorem 1.1. If further, (pio — p, mo, V<?!>o) G 

for some s G [0,3/2) or (p^o — ft«io,Vi^o) G -B^oo f° r some s G (0,3/2], then for all t > 0, 

there exists a positive constant Co such that 

||( Pi -p,m,V0)(t)||^_ s <c (1.4) 
||( ft -p,m,v^)(t)||6- s <c , (1.5) 



or 



and 

llV^pi-^m.V^^H^-! <Co(l + i)-^ for Z = 0,1,2; s G [0, — ]; (1.6) 
[|V'( P1 - / o 2 )(t)|| i2 < C (l + t) - *^ for I = 0,1; s G [0, |]. (1.7) 

Remark 1.2. (1.7) is derived from (1.6) and the fact 

\\V l (pi-p 2 )\\v = l|V z A0|| L2 < ||V /+1 V0|| i2 , 

which shows the presence of the electric field enhances the time decay rate of disparity between 
two species. 

Note that Lemma 2.4 (the Hardy-Littlewood-Sobolev theorem) implies that for p G 
(1, 2], LP C H- s with s = 3(± - ~) and Lemma 2.6 implies that for p G [1, 2), L p C with 
s = 3(i — ^). Then Theorem 1.2 yields the following usual LP — I? type of optimal decay 
results. 

Corollary 1.1. Under the assumptions of Theorem 1.2 except that we replace the H~ s or 
^2 00 assumption by that (pio — p, mo, V0o) £ L p for some p G [1, 2], then the following decay 
results hold: 

^(pi-p^i^^mWHS-i <C7 (l + t)~5 ( HH, fori = 0,1,2; (1.8) 
||VV - p 2 )(t)||L2 < C (l + t)-f ^-i)"^, for 1 = 0,1. (1.9) 
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Remark 1.3. From Corollary 1.1, we know the each order derivatives of the density p% — p 
and velocity ui have the same decay rate in H 2 norm as the solutions of the Navier-Stokes 
equations. While the velocity Uj in [15] decays at the rate (1 + in L 2 norm which is 

3 

slower than the rate (1 + t)~* for the compressible Navier-Stokes equations. 

Remark 1.4. The energy method (close the energy estimates at each Z-th level with respect 
to the spatial derivatives of the solutions) in this paper can not be applied to the bipolar 
Navier-Stokes-Poisson equations. In fact, as Wang [26J pointed out, there is one term njU,V<^ 
can not be controlled by the dissipation terms, see the Introduction in [26]. Hence, it is also 
interesting to apply this energy method to the bipolar Navier-Stokes-Poisson equations. 

Remark 1.5. We also notice that, the similar arguments can be used to investigate the full 
(nonisentropic) bipolar hydrodynamic models, which is under consideration. 

Notations. In this paper, V' with an integer I > stands for the usual any spatial derivatives 
of order I. For 1 < p < oo and an integer m > 0, we use LP and W m ' p denote the usual 
Lebesgue space L p (R ra ) and Sobolev spaces VF m,p (R n ) with norms || • and || • ||w".p, 
respectively, and set H m = W m ' 2 with norm || • ||#m when p = 2. In addition, for s € R, we 
define a pseudo-differential operator A s by 

A s g(x) = [ l^giO^^M, 

where g denotes the Fourier transform of g. We define the homogeneous Sobolev's space H s 
of all g for which ||g||ij s is finite, where 

Mhs := \\A s g\\ L 2 = \\\£\ s g\\ L 2. 

Let 7] G Co°(R|) be such that r/(£) = 1 when |£| < 1 and r/(£) = when £ > 2. We define the 
homogeneous Besov's spaces ^^(R 3 with norm || • ||g- s defined by 

jez 

Here Ajf := F' 1 ^) * /, <p(£) = ??(£) - V (2S) and Vj (0 = <p(2r^)- 

Throughout this paper, we will use a non-positive index s. For convenience, we will 
change the index to be "— s" with s > 0. C or Q denotes a positive generic (generally large) 
constant that may vary at different places. For simplicity, we write J f := J* R3 fdx. 

The rest of the paper is arranged as follows. In section 2, we give some useful Sobolev's 
inequality and Besov's inequality, then we give energy estimate in H s norm and some esti- 
mates in H~ s and B^^- The proof of global existence and temporal decay results of the 
solutions will be derived in Section 3. 

2. Nonlinear energy estimates 
2.1. Preliminaries 

In this subsection we give some Sobolev's inequalities and Besov's inequalities, which 
will be used in the next sections. 
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Lemma 2.1. (Gagliardo-Nirenberg's inequality). Let < m, k < /, then we have 

||V fe 5 || iP <C||V- 5 ||i- e ||V z ff ||i„ 

where k satisfies 

p n \q n J \r n J 

Lemma 2.2. (Moser-type calculus) (i) Let k > 1 be an integer and define the commutator 

[V k ,g]h = V k (9h)-gV k h. 

Then we have 

\\[V k ,g]h\\ L 2 < CfcGlv^lIiHiv^lb + \\V k g\\L4h\\L~)- 
(ii) If F(-) is a smooth function, f(x) £ H k H L°°, then we have 

\\V k F[f)\\<C{k,F,\\f\\ L ~)\\V k f\\. 
Lemma 2.3. (j4j, Lemma A. 5) Let s > and I > 0, then we have 

\\V l g\\ L 2 < C\\V l+1 g\\^%\\%_ a , where 9 = j^j- 

Lemma 2.4. (pi]. Chapter V, Theorem 1) Let 0<s<n,l<p<g<oo, | + f = |> then 

\\A- s 9\\l« <C\\g\\ LP . 
Next, we give some lemmas on Besov space BZ^- 
Lemma 2.5. ([22]) Suppose k > and s > 0, then we have 

HVVlIx" < C||V fc+1 /ll^ll/ll|-, , where d = 



+ l + s 

Lemma 2.6. ([2D]) Suppose that s > and 1 < p < 2. We have the embedding LP C 
with 1/2 + s/3 = 1 /p. In particular we have the estimate 



2,oo 

Lemma 2.7. (|20j) Suppose k > and s > 0, then we have 

||V fc || L2 < C\\V k+1 f\\^ e \\f\\%- a , where 9 = 
Lemma 2.8. ([21]) If 1 < n < r 2 < oo, then 

B 2,n € 5 V 2 • 

Lemma 2.9. (|20j) If m > I > A; and l<p<q<r< oo. We have 

Ml* < C\\g\\%, || 5 ||^f , 

where I = k6 + m(l - 0), ~ = p + i=2. 
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2.2 Energy estimates in ff 3 -norm 

We reformulate the nonlinear system (1.1) for (pi, u±, p2, U2) around the equilibrium state 
(p, 0, p, 0). Without loss of generality, we can assume p = 1 and P'(p) = 1. Denote 

rii = pi - 1, h(rii) - 



(2.1) 



Pi 

then the Cauchy problem for [n\, u\, ri2, U2, (p) is given by 

dtrii + divni = —u\ ■ Vni — nidivui, 
dfUi + u\ + Vni — = — «i • Vni — h{n\)Vn\, 
dfU2 + divn2 = — U2 • Vri2 — n2divu2, 
d t u 2 + u 2 + Vn 2 + V<f> = -112 ■ V-u 2 - /i(n 2 )Vn 2 , 
A(f> = m — n 2 , 
, (ni,ui,n 2 ,n 2 )(x,0) = (pi - l,«io,P20 - l,u 2 o)(x). 

In this section, we will derive a priori nonlinear energy estimates for the equivalent system 
(2.1). Hence we assume a priori assumption that for a sufficiently small constant S > 0, 

|Mt)|| H 3 + ||ui(t)|| H 3 + ||V0(t)|| H 3 < 5, » = 1,2, (2.2) 

which together with Sobolev's inequality, we have the facts 

1/2 < rii < 2, |/i (fc) (n*)l < C, i = 1,2, for any k > 0. (2.3) 

We first deduce the following energy estimates which contains the dissipation estimate 
for u±,U2- 

Lemma 2.10. Assume that < k < 2, then we have 
1 d f 

2Jt J l vfc ("i^i^2,U2,V^)| 2 + l|V>i,u 2 )||! 2 
<C<5(||V fc+1 ni||i 2 + ||VV||i a + ||V fc+ %||i a + ||V%||i a + ||V fc+1 V^||i2). (2.4) 

Proof. For < k < 2, applying V fc to (2.1)i,(2.1)2 and then multiplying the resulting 
equations by V k rii, V k u\ respectively, summing up and integrating over M 3 , one has 



ni,m)| 2 + ||VV||| 2 - / V%V fc V0 



-- I iv fe ( 

2 dt J K 

= - J V fe niV fe (ui • Vni + nidivui) + V k uiV k (u 1 ■ Vui + fr(ni)Vni) 

= ~y V fe (u! • Vni)V fe n!-V fc (ui • Vu 1 )V k u 1 -V k (n 1 divu 1 )V k n 1 -V k (h(n 1 )Vn 1 )V k u 1 
:= h+I 2 +h + h. 

(2.5) 

We shall first estimate each term in the right hand side of (2.5). By Holder's inequalities 
and Lemma 2.1, we get 

h = ~ f Yl CfcV^i • WmVV < l|V fe "^iVV'ni|| L 6/ 5 ||V fe ni|| L 6 

J 0<l<k 0<l<k 

< Yl ll vfc_ ^i vv ^illL6/B||V fc+1 ni|| L 2. (2.6) 



0</<fc 
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When < I < [|], by Holder's inequality and Lemma 2.1, we have 
IIVfc-'uiVV'mllie/B < IIV^mll^UV'+VllLS 

< ||«i||| 2 ||V fc ui|li; i ||V a ni|| 1 -i||V fc+1 fii|ll a 
<(y(||V fc+1 ni||L2 + ||V fc ui||L»), (2-7) 

where a satisfies 

l + l = a{l-l) + {k + l)l 

which gives a = G [|, 3) since / < |. 

When [|] + 1 < I < k, by Holder's inequality and Lemma 2.1 again, we obtain 

HV^mVV'mll^/s < HV^illLsHV^mll^ 

k-l l+l , +1 i-1 

< l|ni||£J 1 ||V fc+1 ni||£J 1 ||V a «i|| 1 " I + I ||V fc+1 «i||^ 1 

< *(l|V fc+1 m|| i2 + ||V fc wi|| i2 ). (2-8) 

where a satisfies 

. , 1 l + l , k-l 

k - l + 2 =a —i +k kTT> 

which implies a = 3fc 2 ]^ 1 G [5, 3) since / > 
From (2.6), (2.7) and (2.8), one has 

/i<«y(||V fc+1 ni||L2 + l|VV||L a )- (2-9) 
For I2, using Lemma 2.1 and Holder's inequality, we get 

h = ~ J ([V fc , m] Vni + u 1 VV k u 1 )V k u 1 < || Vni || L °° || V fc u x \\h ~ \ J ^1 V(V fe ui V fe ui) 
< ||Vni|| L oo||vV||i 2 + ~y divniVV • VV < 5\\V k Ul \\ 2 L 2. 

(2.10) 

For / 3 , 

h = ~ J V fc (nidivni)V fc ni 

= - / ^ C[V fc ~'niV z divniV fe ni - / n 1 divV k u 1 V k n 1 

J 0<Kfc-l ^ 
:=hi + h2. (2.11) 

First, we estimate /31. By Holder's inequality, Lemma 2.1 and Cauchy's inequality, we 
obtain 



hi = - f Yl C l k V k - l ni Vdiv Ul V k 

0<Kfc-l 

<C IIV^'niV'divuiHiB/sllV^nillLa. (2.12) 



0<Kfc-l 



When < I < [|], using Lemma 2.1 and Holder's inequality, we have 
IIVfc-'mV'divuiHie/B < C||V fe -'n 1 || L2 ||V'+ 1 n 1 || i 3 



Z + l k — l k — l l-\-l 

£f || V fc+1 m|||f || V a Ul |||f || vV||f? 



<CJ(||V fc+1 ni|| L2 + ||V fc «i||L2, (2-13) 
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where a satisfies 

, 3 k-l ,1 + 1 

which yields a = k 2k-ti € (5, 3) since I < |. 

When [§] + 1 < I < k - 1, using Lemma 2.1 and Holder's inequality, we have 

HV^mVMivmll^ < C||V fe -^i|| L 3||V i+1 m|| L2 

l + l , k-l-l k-l-l , i+1 

<C||V a m|| L fc a ||V ,+1 m|| La * IM| L2 fc HWllJ 
<<75(||V fe+ V||L 2 + ||VV|| L2 ), (2.14) 

where a satisfies 

, , 1 l + l k-l-l 
k-l+2= a — + ( k + 1 ) — . 

which yields a = 1 + e (§> 3 ) since ' ^ ^IT"- 
From (2.12), (2.13) and (2.14), we get 

/31 < Ctf(||V fc+1 ni||£ 2 + \\V k Ul \\ 2 L2 ). (2.15) 

For J32, By Holder's inequality, Lemma 2.1 and Cauchy's inequality, we obtain 

I 32 = ~ J n 1 divV k uiX7 k n 1 

= - J nidiv(V%V fc ni) + J n 1 V k+1 n 1 V k u 1 

< C||Vni|| L 8||V fc «i||L3||V fc ni|| L8 + ||ni|| L oc UV^Vll^ ||VV||l2 

<C<5(||V fc+1 ni||| 2 + ||VV|li2). (2.16) 
Thus, (2.11), (2.15) and (2.16) imply 

/ 3 <C<5(||V fc+1 ni||i2 + ||W||i2). (2.17) 
Next, we will estimate 1 4. 

U = - J V k (h(n 1 )Vn 1 )V k u 1 

J2 ctv fe -^(ni)v' +1 mvV + h( ni )V k+1 m ■ V k Ul 

0<l<k 

:=/4i+/ 42 . (2.18) 
For I41, By Holder's inequality and Lemma 2.1, we obtain 

hi = - ( Yl C l k V k - l h(n 1 )V +1 n 1 V k u 1 

^ 0<l<k 

< C\\V k - l m V i+1 m|| L 2||V%|| L 2. (2.19) 
When < I < [|], by using Holder's inequality and Lemma 2.1, we get 

HVfc-'Mnijv'+VlUa < || v^feCm) [Ue II V l+1 «i ll^a 

<C\\V k - l h{ni)\\W l|V fc+1 Mni)l£^ T HV a ni||);^ T ||V fc+1 ni||^f 

< C||V fc -'ni|||f ||V fc+ V||^^||V Q ni||^^||V fe+1 ni|||f 

< C$||V fc+1 ni|| £a , (2.20) 



/. 
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where a satisfies 

' + § = °(i-*TT) + '. 

3fc+3 ,- r3 o\ • „ a 7 s k 



which implies a = 2 k-ti+2 G [f ' srnce ' — I • 

||V fe -^(ni)V i+1 ni|| L 2 < ||V fe -^(ni)|| L 3||V' + V||L6 



When [|] + 1 < / < A; — 1, by Holder's inequality and Lemma 2.1, we get 



< C\\V a h( ni )\\^ ||v fe+1 Mni)|li, 2 1| ^ II V'+Vll^ 1 
^ciiv^ii^llv^+Vll^^llvVll^^llv^Vll^ 1 

<C(y||V fc+1 ni||^, (2-21) 
where a satisfies 

*- , + 5 = a *^T + <* + 1 >< 1 -*^T>' 

which implies a = 2 + =|±± G [§, 3) since / > ^±±. 

Thus, from (2.18), (2.19), (2.20) and (2.21), we deduce that 

h < C5{\\V k+1 ni \\l 2 + ||V fe ni||| 2 ). (2.22) 

Hence, for n\ and u\, we have 

\jt I l vfc K^i)l 2 + ll v ^ill!^-/ vVv fc v^» 

< C(5(||V fe+1 ni||| 2 + ||V fe m||| 2 ). (2.23) 



i i 



In the same way, we can get the following estimates for n 2 and u 2 , that is, 

\jt J l Vfc ( n 2^ 2 )| 2 + ||VV|ll 2 + J V k u 2 V k Vcp 
< C5(\\V k+1 n 2 \\ 2 L2 + ||V fe u 2 || 2 2 ). (2.24) 

Finally, we will turn to estimate the last term in left hand side of (2.23) and (2.24). Since 
n\ and n 2 is coupled in Poisson equation, we will estimate them simultaneously as follows. 

- J V k V(f> ■ V k Ul + J V k V<j) ■ V k u 2 

= J V fc (div Ul )vV- J V k (dwu 2 )V k (f> 

= - j V k [d t n 1 + div(n 1 u 1 )V k <t) + J V k [d t n 2 + di\{n 2 u 2 )V k <j) 
= - j V k d t (n 1 -n 2 )V k 0- J V k (div(n lUl ))V k + J V k (div(n 2 u 2 ))V k 
= - j V k d t A<pV k 4> - J V fc (div(n 1 n 1 ))V fc + J V fe (div (n 2 u 2 ))V k <p 
= lj t \\V k V<t>\\h + J V k (n l u 1 )V k Vcj ) - j V fe (n 2U2 )V fc V0 

:=^l|V fe V0|| 2 L2 +/ 51 +/ 52 (2.25) 



Now we will estimate /51 and 1§ 2 . 
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When k = 0, by Holder's inequality, Sobolev's inequality and Cauchy's inequality, we 
have 

J niu{V(f> < C||V(/)|| L 6||ui|| L 2||ni|| L 3 < C\\ VV0|| L 2 \\m \\ L 2 \\ni \\ L 3 

<CS(\\VVct>\\ L 2 + \\ U \\ 2 L2 ). (2.26) 
Similarly, for k = 1, we get 

J V(niUi)V(V0) = - j (n lU i)V 2 V(f> < C\\ V 2 V0|| L 2 ||u|| L 6 ||n|| £ s 

< c||v 2 v^|U 2 ||v^i|| Z/2 ||^|U3 

<C<5(||V 2 V0|| L2 + ||V Ul ||| 2 ); (2.27) 

and for k = 2, we have 

j V 2 (nini)V 2 (V</>) = - j V(niUi)V 3 V0 < || V 3 Ve/>|j L 2 1| V^'mV'uiH^ 
^ J 0<K1 

^CIlV^ll^llV^IIJIlVVlll^ll^ll^^llVVllJ 

< C5(||V 3 V</>|| 2 2 + ||W||!2 + ||VV|| 2 2 ), (2.28) 

where 

a =r L,i = 0,l. 

In the same way, one can obtain the estimate of I^- Hence, from (2.25) to (2.28), we 
have 

/ 5 i+/52>-C5(||V fe +V|li2 + ||VV|| 2 2 + ^ (2.29) 
Combining (2.23), (2.24), (2.25) and (2.29), we deduce that 
1 d f 

Ydt J l vfc ( n i^i' n 2,w 2 ,V0)| 2 + ||V fc K,n 2 )|| 2 2 

< CJdlV^nJ 2 , + ||VV||! 2 + ||V fc+1 n 2 || 2 2 + ||V fe u 2 ||| 2 + || V fe+1 V0||| 2 )- (2-30) 

This proves Lemma 2.10. ■ 
Next, we derive the second type of energy estimates excluding m, u\ and n 2 , u 2 themselves. 



■ j |V fc+1 (ni, «i, n 2 , U2, V0)| 2 + || V fc+1 (m, u 2 )\\ 2 L2 



Lemma 2.11. Assume that < k < 2, then we have 

Id 

Ydt _ 

< CS(\\V k+1 ni \\ 2 L2 + \\V k+l Ul \\l 2 + ||V fc+1 n 2 || 2 2 + ||V fe+ V|| 2 2 + || V fc+1 V</>|| 2 2 ). (2.31) 

Proof. For < k < 2, applying V fc+1 to (2.1)i, (2.1) 2 and then multiplying the resulting 
equations by V k+1 n\, V fc+1 ui respectively, summing up and integrating over R 3 , one has 

II J | V fc+i (nijUl) |2 + || V fc+i ui ||2 a _y v fc +v • v fc+i v0 

= - j V fe+1 niV fe+1 (ui • Vni + nidivni) + V k+l ui V fc+1 (ui ■ Vui + /i(ni)Vni) 

= -j [V k+1 ( Ul • Vni)V fe+1 ni+V fc+1 (m • Vm)V fc+ V] 

- y [V fe+1 (nidivm)V fc+1 ni+V fe+1 (/i(ni)Vni)V fc+1 «i] 
:= Ji + J 2 . (2.32) 
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Now we shall estimate J\ and J 2 . By Lemma 2.2, Holder's inequality and Cauchy's 
inequality, we get 

Ji = -J V k+1 { Ul • Vm)V fe+1 ni+V fe+1 (ui • Vm)V fc+ V 
= - y [V fc+1 , m] • VniV fc+1 m + ([V fe+1 , ui], Vm) • V fc+ V 

- J «i ■ VV fc+1 niV fc+1 ni + (1*1 • VV fc+1 ui) • V fe+ V 
< C(||V«i|| L -||V fc+1 ni||L2 + ||V fc+ V|| L 2||Vni|| L oo)||V fc+1 ni|| i2 

■ii II V fe+1 U! || L2 - 1 y ui ■ V(V fc+1 ni V fc+1 n! + V fe+ V • V fc+1 «i) 
;ni,«i)|| L oc||V fe+1 (ni,ui)||| 2 + ^div«iV fc+ VV fc+ V + divuiV fc+ V ■ V fc+ V 



(2.33) 



+ ||V« 

< C||V(m,«i)|| L 

<C<5(||V fe+1 ni||| 2 + ||V fe+ V||| 2 
In the same way, one can deduce that 

J 2 < C^dlV^mlH, + ||V fe+ V||! 2 ). (2.34) 

Thus we have 

\jt J l v " +1 (^)l 2 + \^ k+1 Mh - J v fc+ Vv fc+1 v</> 

< C<5(||V fc+1 ni||i a + ||V fc+ V||| 2 ). (2.35) 
The similar estimate of ri2,U2 is 

\jt I i vfc+i ( n 2^ 2 )i 2 +iiv fc+ vii| 2 + y v fc+ %v fc+i v0 

< C<5(||V fc+1 n 2 ||2 2 + ||V fe+1 u 2 ||| 2 ). (2.36) 

Finally, we give the estimates of the last terms in the left hand side of (2.35) and (2.36) 
as follows. 

- y v k+1 v4> ■ v fc+ V + y v fc+1 v</» • v k+1 u 2 

= J V k+1 (dw Ul )V k+1 <P- J V k+1 (dwu 2 )V k+1 (j) 

= - j V k+1 [d t n 1 +dw{n 1 u 1 )]V k+1 ^ + J V k+1 [d t n 2 + div(n 2U2 )]V fc+ V 
= - J V fc+1 a t (n!-n 2 )V fc+ V-y V fc+1 (div(n lUl ))V fc+ V + J V fc+1 (div(n 2 u 2 ))V fc+ V 
= - J V k+1 d t A0V fe+ V - y V fc+1 (div(mui))V fc+ V + y V fe+1 (div(n 2 u 2 ))V fc+ V 
: ||V fc+1 V(A||| 2 + y V w (nmi)V fc+1 V^- y V fc+1 (n 2 u 2 )V fc+1 V0 



2dt' 

^l|V fe+1 V<A||| 2 +J3 + J4. 



(2.37) 
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Using Holder's inequality and Lemma 2.2 and Cauchy's inequality, we obtain 

Js = J V k+1 (n lUl ) -V k+1 V^ < C\\V k+1 V^\\ L 2\\V k+1 (n lUl )\\ L 2 

< C||V fe+1 V^)|| L 2(||ni|| L oc||V fc+ V||L2 + ||«i|| L =o||V fc+1 ni||L2) 

< C(5(||V fe+ V||! 2 + l|V fe+1 ni||| 2 + ||V fc+1 V</>||| 2 ). (2.38) 

Similarly, we have 

Ji = J V k+ \n 2 u 2 ) -V^Vcj) < C\\V k+1 V^ L 2\\V k+1 (n 2 u 2 )\\ L 2 

< CS(\\V k+1 u 2 \\ 2 L2 + ||V fc+1 n 2 ||2 2 + ||V fc+1 V^||2 2 ). (2.39) 

Hence, plugging (2.33), (2.34), (2.37), (2.38) and (2.39) into (2.32), we deduce that (2.31). 
This proves Lemma 2.11. ■ 
Now, we shall recover the dissipation estimate for ni,n 2 . 

Lemma 2.12. Assume that < k < 2, then we have 



~dt 



I J VV • VV fe m + V k u 2 • VV fc n 2 j + C||V fe+1 (ni,n 2 , V0)||| 2 



< C(||V%||£ 2 + ||V fc+ V||£ 2 + ||V fe u 2 ||£ 2 + \\V k+L u 2 \\ 2 L2 ). (2.40) 

Proof. Let < k < 2. Applying V k to (2.1) 2 and then multiplying the resulting equality by 
VV fe ni, we have 

||V fe+1 ni||| 2 - / VV k ni V k V(f) < - J V k d tUl ■ VV fc m + C||V fe «i|| L2 ||V fc+1 ni|| L2 

+ ||V fe (m • Vui + /i(ni)Vni)|| L2 ||V fc+1 ni||L2- (2.41) 
First, we estimate the first term in the right hand side of (2.39). 

V k uid t u 1 ■ VV k n 1 



/' 



= -j t Jv k - VV fc m - J V fc divni • V k d tni 

= --^ J V k ui • VV fc ni + ||V fc divui||| 2 + J V%div • V k (ui ■ Vni + mdiviti), (2.42) 

Next, we shall estimate the last two terms in (2.40) by 

f V fc divui • V fe (u! • Vni) = f C fc V ' Ul ' vvfc_ ^i • V fe divui 
J J 0<l<k 

<C HV'u! • VV fe - z ni||L2||V fc+1 ni|| i2 . (2.43) 

0<l<k 

If / = 0, then 

||m ■ VV fc ni|| L2 ||V fe+1 ni|| L 2 < C||m|| LO o||V fe+1 ni||L2||V fe+1 ui|| L 2 

< C<5(||V fc+1 ni||| 2 + ||V fc+ V||| 2 ). (2.44) 
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If 1 < I < [k/2], using Holder's inequality and Lemma 2.1, we get 
||V'ui • VV k - l rn\\ L 2 < CllV^-'lliellV'ttilliS 

i-l fc-i+2 k-l+2 l-l 

< C||n 1 ||^ 1 ||V fe+1 n 1 ||J +1 ||V a «i|| £ 5 +1 IIV^uiH^ 1 

< C<5(||V fe+1 ni|| L2 + ||V fc+ V|| L2 ), (2.45) 

where a = 2 ^ +A € [3/2,3), since I < k/2. 

If [k/2] + 1 < I < k, using Holder's inequality and Lemma 2.1 again, we obtain 

||V'ui • VV fc -'ni|| L 2 < C , i|V fc+1 - i || i 3||V'm|| L 6 3 



< C||V a m||£f ||V fc+ V||£Flki|l2f ||V fc+1 m||ff 

< C<5(||V fc+1 m|| La + \\V k+1 Ul \\ L 2), (2.46) 

where a = §±f G [3/2, 3), since I > ^±±. 

Thus, from (2.44), (2.45) and (2.46), we obtain 

J V k div Ul • V fc (m • Vni) < C<5(||V fc+1 ni|| L 2 + || V k+1 Ul || L „). (2.47) 

Similarly, we also get 

y V k div Ul ■ V k ( ni dw Ul ) < C5(||V fc+1 ni|| L 2 + ||V fe+1 ui|| L 2), (2.48) 

and 

\\V k { Ul • Vni + /i(m)Vni)|| L 2 < C(5(||V fe+1 ni|| L 2 + || V k+1 Ul \\ L 2). (2.49) 
Hence, by (2.40)-(2.49), we have 

j t J V fc m ■ VV fe ni + C||V fc+1 ni|| L2 - J VV k ni V k V<j) 
<C(||V%|||2 + ||V fe+1 m||i2). (2.50) 
On the other hand, by a method similar to the above, we have 

!/vV.vvW||v«„ 2 |u, + /vvVv^ 

< CdlvVHj, + \\V t+1 u 2 f L ,). (2.51) 

Finally, using the Poisson equation in (2.1), the second terms on the left hand side of 
(2.50) and (2.51) can be estimated as 

-J VV fe niV fe V0 + y VV fc n 2 V fc V0= i||V fe+1 V0||2 2 . (2.52) 

Summing (2.50) and (2.51), and using (2.52), one has 

| { / W • VVV + V<„, ■ VVV} + C|| *♦><»,„*. v«ll„ 
< C(||V fe ui||| 2 + ||V fc+1 «i||£ 2 + ||V fc u 2 ||i 2 + ||V fe+1 u 2 ||| 2 ). (2.53) 
This proves (2.40). ■ 
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2.3. Estimates in H~ S (R 3 ) 

The following lemma plays a key role in the proof of Theorem 1.2. It shows an energy 
estimate of the solutions in the negative Sobolev space H~ S (R 3 ). Namely, we have 
Lemma 2.13. If ||njo, uio, V0o||h3 <C 1 with i = 1,2, for s € (0, ^], we have 

V^)|| H _ S < CdlVfiiUlri + KHhOIK"*."*. V^)||^_„ i = 1,2; (2.54) 
and for s G (^, |), we have 

f S-i ^-S S-i 

< C<^ ||(ni,Ui)| i2 2 ||V(nj,Ui)||^i + ||ni|| L 2||ni|| L2 2 llVriiH^ H|(nj,Uj, V<?i)|| i j_ s , i = l,2. 

(2.55) 

Proof. Applying A~ s to (2.2)i, (2.2)2 and multiplying the resulting identity by K~ s n\, 
A -S ui, respectively, and integrating over M 3 by parts, we get 

j f j (|A-ni| 2 + |A-«i| J ) + j IVA-XI' 2 + (-!)'/ A-V<^A- s Ui 

= / A-(-Mtm - u, ■ V„,)A"„, - A-<«, • Vu, + fcMVn.) . A-», 

< C||njdivuj + u, • Vnj|j^_ s ||nj||^_ s + ||u, • Vn« + /i(nj)Vn.J^_ s ||uj||^_ s , (2.56) 

If s G (0,1/2], then by Lemma 2.1, Lemma 2.3 and Young's inequality, the right hand 
side of (2.56) can be estimated as follows. 



||nidivui||^_ s < C||nidivnj|| 1 < C||nj|| i3 / S ||Vuj|| L 2 

L 1/2+5/3 

< C||Vn i ||J ( / 2 2+s ||V 2 n i |li / 2 2_<, ||V« i || L 2 

< CdlVnil^i + ||V^||| 2 ), (2.57) 

where we have used the facts \ + | < 1 and | > 6. 
Similarly, it holds that 

hi ■ VthWh-s < CdlVttiUlri + \\Vn t \\ 2 L2 ); (2.58) 

\Wi ■ Vui\\ k _ s < CdlVuiH^i + ||V^||| 2 ); (2.59) 

\\h(rn) ■ VthWh-s < C{\\Vn t \\ 2 H1 + ||Vn.j| 2 ). (2.60) 

Now if s e (1/2,3/2), then 1/2 + s/3 < 1 and 2 < 3/s < 6. We shall estimate the right 
hand side of (2.55) in a different way. Using Sobolev's inequality, we have 

linjdivuil! rj_ s < C||nidivuj|| 1 < CllnJI T 3/ s WVuAl 7-2 

" n " L l/2+s/3 ULj 

< Cllnill'T^UVnill^llVuill^, (2.61) 

where we have used the facts ^ + | < 1 and | > 6. 
Similarly, it holds for s G (1/2,3/2) that 

IK • VriiH^ < C||'Uj||^ 2 1/2 ||V'Ui||^ 2 2_s ||Vnj|| L 2; (2.62) 

\\ui ■ VuiW^-s < C||uj||^ 1/2 ||Vuj||^ 2 ~ s ||V-Uj|| L 2; (2.63) 



Bipolar Euler-Poisson system with damping 



15 



\\h(ni) -Vni\\^^ s <C\\ni\\ s L2 l/2 \\Vni\\^2 s ||Vnj|| L 2. (2.64) 
Finally, we turn to the last term in the left hand side of (2.56) with i = 1,2. We have 

- J A- s V(f>- A- s Ul + J A- s V<f>- A- S u 2 

= J A- s <f>A- s div Ul - J A- s (j)A- s dWu2 

= - J A~ s <pA~ s d t (ni - n 2 ) + J A~ s (pA~ s div(niUi - n 2 u 2 ) 

= \j t j \A~ S V<P\ 2 - j A~ s V(t> ■ A~ s {n lUl - n 2 u 2 ). (2.65) 

If s G (0, 1/2), we use Lemma 2.1 and Lemma 2.4 to obtain 



||A s (niUi)\\ L 2 <C\\ui\\ L 2\\ni\\ L i/ s < C||ui|| L 2 ||Vnj||^ 2 2 s ||V 2 nj||^' / 2 2+s 

< C(ll^ll|2 + HVriiH^i); (2.66) 
and if s G (1/2,3/2), we have 

||A- S (n^)|| i2 < CHuill^llnillis/. < C\\ Ui \\ L 2 ||Vn;||^ 1/2 ||VV|lK 2_S - (2-67) 

Consequently, in light of (2.56)-(2.67), and using Young's inequality, we deduce (2.54) 
and (2.55). ■ 

2.4. Estimates in B 2 ^(R 3 ) 

In this subsection, we will derive the evolution of the negative Besov norms of the 
solutions. The argument is similar to the previous subsection. 
Lemma 2.14. If \\nio,Uio,V(f>o\\ H 3 <C 1 with i = 1,2, for s G (0, |], we have 

ilKi*, V0)|||_ 3 < C{\\Vni\\ 2 m + KI&OHKui, V^-. , i = 1,2; (2.68) 
and for s G (^, §], we have 

A||( n . )U . )V ^|||_ s 

(it °2,ac, 



1 5 „ „ 1 3 



< C|||(nj,Ui)| i2 2 11X7(^,^)11^ + ||ui|| L 2||ni|| L2 2 ||Vni||22 j \\(rii,Ui, V0)||^-^, i = l,2. 

(2.69) 

Proof. Applying Aj to (2.2)i, (2. 2)2 and multiplying the resulting identity by Ajni, AjU\, 
respectively, and integrating over M 3 by parts, we get 

^JdAjnxl 2 + Aj-uil 2 ) + J \VAju\ 2 - J AjV^-AjUi 

= jA j{ - ni dW Ul - Ul ■ V ni )A jni - A,( U1 • Vn, + Mm)VnO • A^ 

< C||nidivni + ni • Vni|| o-s ||«i||d-s + • Vui + h(n\)Vn\\\ o-s HuiHr-s . (2.70) 

2, 00 2,oo 2,oo 2,oo 

Then, as the proof of Lemma 2.13, applying Lemma 2.6 instead to estimate the -B^oo 
norm, we complete the proof of Lemma 2.14. ■ 
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3. Proof of Theorems 

3.1. Proof of Theorem 1.1 

In this subsection, we shall use the energy estimates in Subsection 2.2 to prove the global 
existence in H 3 norm. 

We first close the energy estimates at each l-th level to prove (1.3). Let < I < 2. 
Summing up the estimates (2.4) from k = I to k = 2, and then adding the resulting estimates 
to (2.31) for k = 2, by changing the index and since 5 < 1, we have 

J t Yl l|V fe (ni,ui,n2,n 2 ,V0)||| 2 +Ci ^ H V *( u i> u ^Wh 

l<k<3 l<k<3 

<C 2 5 ||V fc (ni,n2,V^)||i a . (3.1) 

l+l<k<3 

Summing up (2.40) of Lemma 2.12 from k = I to 2, we have 

j t J2 /(VS-VVV + V%.VV%) + C 3 Y l|V*(ni,n 2 ,V$||£ a 

l<k<2 J l+l<k<3 

<C±Y HV fe («i,u 2 )||| 2 . (3.2) 



Kk<3 



Making a calculus 2C 2 5/Cs x (3.2) + (3.1), and by using the fact <5 <C 1, we can conclude 
that there exists a constant C5 > such that for < / < 2, 



d_ 

dt 



l|V fc (ni,ui,n2,n 2 ,V^)||| 2 + ^ f (VV • VV fe ni + V fe u 2 • VV fe n 2 ) 



Kk<3 Kk<m2 



+C 5 { 



£ ||V fe ( M )||i 2 + 2 HV fc K,n 2 ,V0)||| 2 

l<k<3 l+l<k<3 



> < 0. 

(3.3) 



by the smallness of 5 and using Cauchy's inequality, we deduce that 
CQ 1 \\V l (n 1 ,u 1 ,n 2 ,u 2 ,V(f))\\ 2 H 3-i 

< ll Vfc ( n l''"l' n 2'' u 2, V0)||| 2 + £ /(vV-vvS + v^'W^) 

Kfc<3 3 l<k<2 J 

< C 6 ||V , (ni,«i,n 2 ,«2, V^l^s-., < / < 2. (3.4) 
As a result, we have the following estimate in Sobolev's space for < I < 2 

^\\V l ( ni , Ul , ri2,«2, V^H^s-, + {ll V'(«i, «2)||| 3 -« + ||V ,+1 (ni,n 2 , V^ll^,-,} < 0. (3.5) 
Taking I = in (3.5), and integrating directly in time, we have 

\\(n 1 ,u 1 ,n 2 ,u 2 ,V(f))\\ 2 H 3 < C| || (nio,uio,n 2 o,u 2 o,V0o) ||^3- (3-6) 



By a standard continuity argument, since \\(n,io,uio,n2o,U2o,'V<po)\\H 3 is sufficiently small, 
this closes the a priori estimates (2.2). Thus we obtain the global existence in Theorem 1.1. 
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3.2. Proof of Theorem 1.2 

In this subsection, we will prove the optimal time decay rates of the unique global solution 
to system (2.1) in theorem 1.2. 

First, from Lemma 2.13, we need distinct the arguments by the value of s. For s G [0, 1/2), 
integrating (2.53) in time, by (1.3), we have 

\\(ni,Ui, V0)||^_ s < \\(n i0 ,Uio, V<f>o)\\%- a + C / || V(n,, Ui)\\ 2 m ||(nj, u u V4>)\\jj- a dT 

J 

<C (1+ sup {||(ni,«i,V^)||^_.}). (3.7) 

0<r<t 

This yields 

||(ni,ui,n 2 ,«2,V0)||^_. < C for s G [0,1/2]. (3.8) 
Using Lemma 2.14, we similarly have 

||(ni,«i,n2,«2,V^)||B-. < C for s G (0,1/2]. (3.9) 

2,oo 



If < I < 2, we may use Lemma 2.3 to have 

i# a ii v ^ iIl 2 

By this fact and (3.9), we find 



^ l+1 f\\^>C\\f\\„i +a \\^ l f\\rl l+S - (3-10) 



||V<+Vi^2, V^)||| 2 > CodlV'K,^, V0)||| 2 ) 1+ ^. (3.11) 
This together with (1.3) yields for I = 0, 1, 2, 

llV'fai,^), V I+ Vi,"2, V<£)||^ 3 _, > Co(||V'(«i,«2,ni,n 2 ,V0)||^ 3 -O 1+7 ^- (3-12) 
Hence, from (3.5), we have the following time differential inequality for / = 0, 1, 2 

j t \\V l ( Ul ,u 2 , m,n 2 , V0)||^3- ; + C (|| V'(ui, U2, ni, n 2 , V0)||^ 3 - ; ) 1+ ^ < 0, (3.13) 
which gives 

||V'(ui,u 2 ,ni,n 2 ,V0)||^ 3 -i <C (l + t)- ( ' +s) , Z = 0,l,2; sG[0,^]. (3.14) 

For s G (1/2, 3/2). Notice that the arguments for the case s € [0, 1/2] can not be applied 
to this case (See Lemma 2.13). Observing that we have nio, uio, n 2 o, U20, V0o € H^ 1 ^ 2 since 
£T S n L 2 C £T S ' for any s' G [0, s], we then deduce from what we have proved for (1.6) with 
s = 1/2 that the following decay result holds: 

||V z (ni,ui,n 2 ,u 2 ,V0)|| H 3-i <C (l + t)-^ for / = 0,1, 2. (3.15) 
Integrating (2.53) in time, for s G (1/2,3/2), we have 
\\{rii,Ui, V(j))\\jj- a < \\{n i0 ,Ui ,U2o, V^ )||^_ s 

* r - 1 5 - --i„„ 



o 



+C / <^ ||( n jj u ?) 11^2 2 1| V(nj, Uj)!!^! + ||wi||i,2 ||ni|| L2 2 1| Vnj||2 2 f ||(^i, "Uj, V0)|| i j_ s (ir 



< || (n^, '"ic^o, V</> )||#- s +C sup {\\(m,Ui, V0)||^_ 3 } 

0<r<t 

|(ni,Ui)||^ 2 2 ||V(ni,« i )||^i < ' + ||nj|| L2 ||ni||2 2 2 ||Vn;|| 2 2 ° }> dr 



:= ||(nio,u i0 ,it20, V^o)Hh-» +C sup {||(nj,Uj, V<^)|| i j_ s } • (ifi + if 2 ). 

0<T<< 



(3.16) 
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For Ki, by using (3.15), we deduce that for the case s G (5, §) 



^i = C r{||(n i ,« i )||^'||V(n i ,« i )||| 1 s }||(n i ,u i ,V^)||H-.dr 

JO 

<Co + C / (1 + r)~ 7 ^- s l 2 dr sup {\\(m,Ui, V^)||^_.} 

JO 0<r<t 

<C {l+ sup {||(ni,«i,V^)||^_.})l, t = 1,2; se(^). (3.17) 

For K2, we must distinct the arguments by the value of s: s G (^, 1) and s <G [1, §). When 
a€(i,l), 

/"* s-i 2_ s 

K 2 = C {\\ui\\ L 2\\ni\\ L2 2 \\Vni\\l 2 }\\{rii, u i: V^>)||^_ s dr 
J 

<C{/ \\ Ui \\ 2 L2 dT+ [ IKII^IlVnill^T 

JO JO 

< CC + C f\l + r)-K 2s - 1 )(l + t)-^ 3 - 2s Ut 

jo 

< CC + f (1 + r)-i( 8 - 4s )dr < CC , G (J, 1). 

jo 1 

Thus, (3.16)-(3.18) imply that 



(3.18) 



HK^V^H^ <CC , se [0,1). (3.19) 

Hence (3.19) together with a similar argument as the case s G [0, we know the decay 
result (1.6) is established for any s G [0, 1): 

llV'fai.ua.m.na.V^I&s-i < C (l + t)~ (;+s) , 1 = 0,1,2; sG[0,l). (3.20) 
Now we choose a constant si = § + f with s G [1, |), then s\ < 1. Then, (3.20) gives 

||V , (ui,«2,ni,n 2 ,V^)||2 r 3-« <C (l + t)" (,+ai) , « = 0, 1, 2; siG[0,l). (3.21) 
By (3.21), we can prove the decay result for s G [1, |). In fact, 

K 2 = C {||-Uj|lL 2 ll n j|lL2 2 ||Vni||22 }||(nj,Ui, V^Hjj-srfr 
Jo 

t 



<CC f (l+T)-%(l+T)-%( a -&(l + T)- ld ?'G- 8 ')dT 

Jo 

= CC f (1 + r) si+ f-f = CQ) / (1 + t)t-| dr < CC , s G [1, 

JO J0 

Hence, (3.16), (3.17) and (3.22) suffice for that 



|). (3.22) 



IKni.Ui.V^I^-. <CC 0) se [0,|). (3.23) 

With (3.23) in hand, we repeat the arguments leading to (1.6) for s G [0,1/2] to prove 
that it hold also for s G (1/2.3/2). 

Lastly, by using Lemma 2.5, Lemma 2.7, Lemma 2.8, Lemma 2.9 and Lemma 2.14, a simi- 
lar argument as leading to the estimate (3.23) for the negative Sobolev space can immediately 
yields that in the negative Besov's space: 

Wim^V^Ws-. <CC ,se(0,h (3.24) 

2,00 ^ 
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